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Information-theoretic techniques have been employed to study the 
time-dependent connection strength of a three-layer feedforward neu- 
ral network. The analysis shows (1) there is a natural emergence of 
time-dependent receptive field that performs temporal differentiation 
and (2) the result is shown to be a consequence of a mechanism based 
on violation of the time-reversal invariance in the visual information 
processing system. Both analytic and numerical studies are presented. 

1 Introduction 

A synthetic three-layer feedforward neural network is proposed and 
shown to have the ability to detect time-dependent changes in the in- 
put signal. Using a few physical assumptions about the properties of 
the transmission channels, we deduce purely within the information- 
theoretical framework (Shannon and Weaver 1949) that temporal differ- 
entiation is based on the violation of time-reversal invariance of the in- 
formation rate. These results may be relevant to the study of early visual 
information processing in the retina and the construction of artificial neu- 
ral network for motion detection. An earlier information-theoretic study 
(Linsker 1989) with a different model has indicated that the cell's output is 
approximately a linear combination of a smoothed input and a smoothed 
first time derivative of the input. Here, we show analytically how the 
temporal differentiation emerges. Section 2 discusses the information- 
theoretic formalism of time-dependent neural nets in general terms. A 
simple three-layer feedforward network is introduced. Analytic solutions 
to the time-dependent transfer function are derived in Section 3, which 
are followed by a study of the properties with further numerical calcula- 
tions in Section 4. Section 5 describes the input-output relations between 
the layers. Section 6 summarizes the main results. 
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2 Time-Dependent Information-Theoretic Formalism 

Consider a three-layer feedforward network (Linsker 1986). Each layer 
of neurons is assumed to be two-dimensional in the X-Y plane spatially. 
Light signals with variable intensity are assumed to be incident on the 
first layer, layer A, in the Z-direction. Activities of the layer A neurons 
are relayed to the second layer, layer B. The output activities in layer B 
are then sent to layer C neurons. 

Below we specify the assumptions of our model. 

Each output neuron at location T is locally connected to its input 
neurons in the previous layer. The input neurons are spatially 
distributed according to the gaussian distribution density p(R) = 
C, exp(-R2/2a2) with C, = N / 2 r a 2 .  N is the total number of input 
neurons, a' is the variance, and R is measured relative to T .  All 
spatial vectors are two-dimensional in the X-Y plane. 

The output signal, Y,(t), of the ith layer B neuron is assumed to be 
linear, 

Each connection has a constant weight CO modulated by a micro- 
scopic time delay factor exp[-b(t - 7-11 as in an RC circuit. This 
time delay models a physical transmission property of the channel, 
which possesses a simple form of memory, i.e., past signals persist 
in the channel for a time interval of the order l / b .  Here, b is the 
reciprocal of the decay time constant. The temporal summation is 
from a finite past time t - 6 to the present time t. From the causal- 
ity principle, no future input signals X j ( T ) ,  T > t, contribute to the 
present output signal X ( t ) .  It is assumed that the time scale 6 >> l / b  
is satisfied. The index (2) in the spatial summation means that the 
N input neurons are randomly generated according to the density 
p relative to the location ~i of the ith output neuron in accordance 
with assumption 1. The stochastic input signals X j ( 7 )  are assumed 
to satisfy the a priori probability distribution function 

(2.2) 

which is a gaussian and statistically independent, B$ = u&j6,,. 

Here, fi is the total number of distinct space-time labels of X~(T). 
X is the mean of X j b ) .  
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3. The output signal, Z,(t), of the mth neuron in layer C is assumed 
to be 

where the transfer function %,(TI satisfies the constraints (1) ‘HTX = 
A0 in matrix notation, and (2) &=,, ,N,r=t-6, ,t XF1,(~)l2 = AI. A0 and 
A1 are real constants. The first constraint is on the normalization 
of the transfer function. The second constraint restricts the value 
of the statistical mean of the transfer functions up to a sign. The 
resultant restriction on the transfer functions when these two con- 
straints are considered together is a net constraint on the variance 
of the transfer functions since the variance is directly proportional 
to A0 - AI.  In the far-past, T < t - 6, and the future, T > t ,  ‘H,(T) 
is set to zero. These transfer functions will be determined by max- 
imizing the information rate in the next section. Here, an additive 
noise n , ( ~ )  added to K ( T )  [i.e., Y,(T) 4 Y , ( T ) + ~ , ( T ) ]  in equation (2.3) 
is assumed for the information-theoretic study. The noises n,(r) in- 
dexed by the location label i and the time label T are assumed to 
be statistically independent and satisfy a gaussian distribution of 
variance p2 with zero mean. 

Below we derive the information-theoretic equation that characterizes 
the behavior of the transfer function ‘H,(T). The information rate for the 
signal transferred from layer B to layer C can be shown to be 

(2.4) 

with W being the spatiotemporal correlation matrix ( (Y,(T)Y,(T’))). From 
equations (2.1) and (2.21, the following expressions for the correlation 
matrix can be derived. 

with 

and 

e(s - lT - T 1 ~ )  (2.7) 

Here, B denotes the Heaviside step function. To arrive at equation (2.7), 
terms of order exp(-b6) have been neglected as the time scale assumption 
Sb >> 1 is evoked. h is a constant independent of space and time. Its 
explicit form is irrelevant in subsequent discussions, as will be shown 
below. 

Grr, = e-blT-r‘ l  
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Now, the method of Lagrange multiplier is employed to optimize the 
information rate. This is equivalent to performing the following varia- 
tional calculation with respect to the transfer function 

(5 { 7-Pw7-l+ k2 [ [p(.)I2 - A , ] }  = 0 (2.8) 

Here, k2 is a Lagrange multiplier. It is a measure of the rate of change 
of the signal with respect to the variation of the value of the overall 
transfer function. The variational equation above produces the folIow- 
ing eigenvalue problem governing the behavior of the transfer func- 
tion 

jT ‘  

This equation defines the morphology of the receptive field of the neu- 
rons in layer C in space and time. For simplicity, one can absorb the 
multiplicative factor h in X and k2. We assume that this is done by set- 
ting h = 1. 

3 Analytic Expressions of the Transfer Function 

In continuous space and time variables, the eigenvalue problem is re- 
duced with the use of the time-translational invariance of the temporal 
correlation function (equation 2.7) to the homogeneous Fredholm integral 
equation 

X7-l(r, T )  = Irn dR / b ’ 2  d r ’ p ( R )  [Q(r - R)G(T - 7’) + kz] 
- xj -612 

MR, 7’) (3.1) 

Here, Q(r - R) and G(T - T’)  are the continuous version of Qij and GTTl of 
equations (2.6) and (2.7), respectively. Note that the kernel respects both 
space- and time-reversal invariances. It means that the kernel itself does 
not have a preferential direction in time and space. Note also that the 
information rate also respects the same symmetry operation. However, 
if it turns out that the solutions N ( r ,  T )  do not respect some or all of the 
symmetries of the information rate, a symmetry-breaking phenomenon is 
then said to appear. This can have unexpected effects on the input-output 
relationship in equation (2.3). In particular, the violation of time-reversal 
invariance underlies temporal differentiation, the ability to detect the 
temporal changes of the input signal. This will be discussed in the next 
section. 

The solutions to this integral equation can be found by both the 
Green’s function method and the eigenfunction expansion method (Morse 
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and Feshbach 1953). They can be classified into different classes ac- 
cording to their time-reversal and space-reversal characteristics, X ( r  , T )  = 
X(- r , -T),  ~ ( r ,  T )  = - X ( - r ,  T I ,  X ( r ,  T )  = Z(r ,  -TI, ‘MT, 7) = M-r,  -T), 

. . ., etc. In this study, we are interested only in the solutions that corre- 
spond to the two largest eigenvalues (i.e., the larger one of these two has 
the maximum information rate). They are as follows. 

3.1 Symmetric Solution. This solution obeys both space- and time- 
reversal invariance. 

+ [-Q- 

-612 5 7 I s/2 
X ( ~ , T )  = 0, otherwise 

with A = 612, D = 1.244, 77 = X/1.072C,,m2, and 

with y being determined by 

(3.2) 

(3.3) 

(3.4) 

In equation (3.2), /Q is the normalization constant. The eigenvalue is 
determined from q by 

11 + (Q2/02,)1 

- 1 - - 2a27rCp -{(1- 
k2 x 

1 - 1 ) (d + [exp(-bb) - 11 
11 + (a2/0i)1 11 + (cu2/u&>1 b 

- 61) (3.5) 
2(b2 + r2) sinya 

by(b cos yA - y sin Ay> + 

Note that all the space- and time-dependent terms in equation (3.2) are 
even functions of both space and time. In obtaining these equations, 
we have used in the eigenfunction expansion the fact that the iteration 
equation 2a2/0:+, = 1 - 1/(3 + 2a2/03 with CT; = 30’ converges rapidly to 
2a2/0k so that the approximation 0: = 02’ = . . . = 0,’ = . . . = 02 = 2.7320~’ 
is accurate with error less than one percent. Details may be found in Tang 
(1989). 
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3.2 Time-Antisymmetric-Space-Symmetric Solution. The transfer 
function is 

sin y r ,  -612 5 r 5 612 Z ( T , T )  = hle-(T’ 2 205) 

Z ( r , r )  = 0, otherwise (3.6) 

The eigenvalue is 

AT 
0.268(3 + 2a2/aL) 

A =  (3.7) 

with AT being determined by 

2b x -2 
T - b 2 + y  

in which y satisfies the following self-consistent equation 

y = -b tan Ay (3.8) 

hl is the normalization constant. 

4 Properties of the Solution to the Eigenvalue Problem 

The behavior of the eigenvalue of the symmetric solution (equation 3.5) 
is shown as the curved line in Figure 1. In contrast, the eigenvalues of 
the antisymmetric solution (equation 3.7) are independent of the param- 
eter k2 since the integral Jf$2 sin y r  d r  is identically zero. Therefore, 
the eigenvalue for the antisymmetric case remains constant as k2 varies, 
as depicted by the horizontal line in Figure 1. The statement that the 
eigenvalue does not depend on k2 is true for any eigenfunctions that are 
antisymmetric with respect to either time- or space-reversal operation. 
The interesting result is that for positive and not too negative k2 Val- 
ues, the eigenvalue of the symmetric solution is the largest. That is, the 
transfer function producing the maximum information rate respects the 
symmetry (time- and space-reversal invariances) of the information rate. 
However, as k2 becomes sufficiently negative, the time-antisymmetric 
solution has the largest eigenvalue since the maximum symmetric eigen- 
value decreases below that of the time-antisymmetric solution. In this 
regime, the symmetry breaking of the time-reversal invariance occurs. 
Within the range of arbitrarily large positive value of k2 to the point of 
the transition of the symmetry breaking of the time-reversal invariance, 
parity conservation is respected. The transfer functions at the center of 
the receptive field plotted against time for different values of ICZ are shown 
in Figure 2. Transfer functions located farther from th center show sim- 

gaussian decay. It is found that no spatial center-surround morphology 
corresponding to maximum information rate appears for any given time 
in the k2 regime we are considering. 

ilar behavior except for a decreasing magnitude, as a re cq ult of the spatial 
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Figure 1: The maximum eigenvalues for the symmetric and time-antisymmetric 
solutions plotted against the Lagrange multiplier kz.  Here, the time constant 
l / b  is arbitrarily chosen as 5 msec. 
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Figure 2: Time-dependent properties of the temporal transfer function. The 
present time is arbitrarily chosen to be at 50 msec. The time in the far-past is 
at -50 msec. Curves a, b, and c depict the symmetric transfer functions with 
eigenvalues 10.2, 9.5, and 9, respectively. Curve d is the time-antisymmetric 
transfer function with eigenvalue equal to 9.24. The time constant l / b  is 5 msec. 
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5 Input-Output Relations 

From the results of last section, the output events can naturally be classi- 
fied into time-symmetric or time-antisymmetric events. The time- 
symmetric/antisymmetric events are defined as the set of output ac- 
tivities obtained by the linear input-output relationship having a time- 
reversal invariant/noninvariant transfer function. They are statistically 
independent from each other, from equations (2.3) and (2.9) 

{ (Z;zmmetric(t) ZEtisymmetric (a))  = 0 (5.1) 

The symmetric transfer function (equation 3.2) does not discriminate the 
inputs in the near-past [O, 6/21 from those in the far-past [-6/2,01. The 
output event duplicates as much of the input signals as possibly allowed 
in this three-layer feedforward network operating in an optimal manner 
within the information-theoretic framework. This is illustrated by curves 
a, b, and c in Figure 3. In obtaining these figures, the light signal imping- 
ing on layer A is assumed to be a stationary light spot modeled by a step 
function e(t), that is, it is off for time t 5 0 and on for time t 2 0. The 
curve labeled layer B output is a typical output signal of the response 
of an RC circuit with a step function input (equation 2.1). These results 
suggest that the input-output relation with the symmetric transfer func- 
tion (equation 3.2) in this IEZ regime operates in the information-relaying 
mode. It acts as a passive relay. The speed of the response is deter- 
mined by the width 6 of the time window - the shorter the width the 
faster the speed. The behavior of the input-output relation with the time- 
antisymmetric transfer function (equation 3.6) is totally different. It is a 
simple form of temporal differentiation as illustrated by curve d in Fig- 
ure 3. Temporally constant input signal produces zero output. Note that 
the peak of the output is time delayed by 0.56 compared with the time 
defining the fastest change in the input function. This temporal differ- 
entiation is not identical to the time derivative in calculus, even though 
both can detect the temporal changes in the input signal and both are 
time-antisymmetric operations. These transfer functions process the in- 
put signals to form the output differently. In the regime of time-reversal 
invariance, the transfer functions (equation 3.2) simply relay the input 
to the output without actively processing the inputs, curves a, b, and 
c in Figure 3. However, in the regime of time-reversal noninvariance, 
the transfer functions (equation 3.6) have the capability to extract the 
temporal changes of the temporal input signals, curve d in Figure 3. 

6 Conclusions 

We have analyzed, from information-theoretic considerations, how a sim- 
ple synthetic three-layer, feedforward neural network acquires the ability 
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Figure 3: The inputboutput relations. The input to layer B is a stationary and 
local light spot defined by O ( t ) .  Curves a, b, and c are layer C outputs that 
correspond to the symmetric transfer functions a, b, and c in Figure 2, respec- 
tively. Curve d is the layer C output with time-antisymmetric transfer function 
corresponding to the d curve in Figure 2. Note that only curve d signals the 
temporal change in the incoming signal. 
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to detect temporal changes. Symmetry breaking in time-reversal invari- 
ance has been identified as the source of such an ability in our model. 
Furthermore, the symmetry-classes to which the transfer function belongs 
define the distinct categories of the temporal events in the output sample 
space. We summarize below the main results of this paper. 

1. The persistence of signals in the network is an important aspect of 
temporal signal processing. In the present study we have modeled 
this as a channel with memory (equation 2.1) and it underlies the 
results obtained. 

2. Eigenvectors of the constrained spatial-temporal correlation func- 
tion are the transfer functions of the three-layer, feedforward neural 
network model studied here. 

3. The symmetries that the eigenvectors respect and define the classes 
of the output events. 

4. There are two modes of the temporal information processing: one 
is the information-relaying mode defined by the time-symmetric 
transfer function (equation 3.2) and the other is the information- 
analyzing mode defined by the time-antisymmetric transfer func- 
tion (equation 3.6). 

5. Realization of the information-analyzing mode is done by a sym- 
metry-breaking mechanism. 

6. The breaking of the time-reversal invariance leads to temporal dif- 
ferentiation. 
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